Abstract. In this paper we show there exists an infinite family of number fields L, Galois over Q, for which the smallest prime p of Q which splits completely in L has size at least (log(|D L |)) 2+o(1) .
Introduction
The purpose of this note is to prove the following result.
Theorem 1.
There exists an infinite family of number fields L, Galois over Q, for which the smallest prime p of Q which splits completely in L has size at least
log(|D L |) log(2 log log(|D L |)) log log(|D L |) 2 as the absolute discriminant D L of L over Q, tends to infinity.
The result is independent of the Generalized Riemann Hypothesis. Moreover, certain conditions which would tend to violate GRH would actually imply stronger results (see Propositions 9 and 10). In the formula above, and throughout the paper, γ is the Euler-Macheroni constant.
The result complements the existing literature on what is essentially a converse problem, stated generally as Problem. Let K be a number field, and L be a Galois extension of K, for any conjugacy class C in Γ(L/K), the Galois group of L/K, show that the smallest (in norm) unramified degree one prime p of K for which the conjugacy class Frob p is C is small relative to |D L |, the absolute discriminant of L/K.
Solutions to this problem have important applications in the explicit computation of class groups (see [3] ) where smaller is better. Some of the history of just how small we can get is summarized below:
2+o(1) conditionally on GRH (see [7] ).
• Bach and Sorenson gave an explicit constant C so that N K/Q (p) < C (log(|D L |)) 2 conditionally on GRH (see [2] ).
• Lagarias, Montgomery, and Odlyzko showed there is a constant A such that
40 for D L sufficiently large (see [10] ).
• Kadiri, Ng and Wong improved this to
for D L sufficiently large (see [5] ).
• Ahn and Kwon showed
In light of the above, Theorem 1 and the GRH bound above are best possible up to the exact o(1) term.
Remark. The family under consideration will be a subfamily of the Hilbert class fields of quadratic imaginary extensions of Q. All of the Galois groups will be generalized dihedral groups, and in the family the degree of the extensions goes to infinity.
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Proofs
We first recall a few basic facts from algebraic number theory and class field theory.
Proof. We first note that for
2 Z we conclude that if the norm is a prime, then y ≥ 1 2 , from which the result follows.
Proof. Assuming p is principally generated by x, then N K/Q (p) is principally generated by N K/Q (x). As norms from K are positive, this gives that p must be a norm. Proof. The first claim is clear because ramification degrees, inertia degrees and hence splitting degrees are multiplicative in towers. That p i must be principal is a consequence of class field theory. Principal ideals for O K map to the trivial Galois element for the Galois group of the Hilbert class field. However, for unramified prime ideals this map gives Frobenius. As the Frobenius element is trivial precisely when the inertial degree is 1, equivalently for Galois fields when the prime splits completely, we conclude the result.
where h K is the class number of K and D H is the discriminant of H. This is follows immediately from the multiplicativity of the discriminant in towers. We now remind the reader of key analytic results, both of which follow from the analytic class number formula
and bounds on L(1, χ d ). We shall only need the unconditional result.
The class number of K satisfies:
This was proven by Littlewood (see [8] ).
Theorem 7 (Unconditional). There exists a family of quadratic imaginary fields
K = Q( √ −d) where d = |disc(K)| such
that for each we have that class number of K satisfies:
A result of this sort was originally proven by Littlewood conditional on the generalized Riemann hypothesis (see [8] ), his result was proven unconditionally by Paley (see [9] ) the version stated here follows from the work of Chowla (see [4] ). 
then the smallest prime p, which splits completely in H, the Hilbert class field of K satisfies
Proof. We have by Lemma 4 that the smallest prime p which splits completely in H satisfies d ≤ 4p and by Lemma 5 that log(|D H |) = h K log(d). We conclude by using our assumed upper bound on h K that
We also have, using the assumed lower bound on h K , that log log(|D H |) = log(h K ) + log log(d) > 1 2 log(d) + log π 12e γ − log log log d + log(1 − ǫ) + log log(d) and thus conclude by the bound on ǫ and d that 2 log log(|D H |) > log (d) and consequently by the monotonicity of x/ log(x) we have that 2 log log(|D H |) log(2 log log(
.
Combining these inequalities gives
Remark. We note before proceeding that by Theorem 7 the hypotheses of the next two propositions being satisfied infinitely often would imply the failure of GRH. Moreover, both results tend to give stronger lower bounds than the previous proposition.
then the smallest prime p which splits completely in H, the Hilbert class field of K satisfies
Proof. Proceeding as in Proposition 8 we have that
and so may quickly conclude that (log(|D H |)) 2 < p.
− log log log(d) which gives, by the choice of d > 100, both that
and that log(d) > log log(|D H |). As log(π/6e γ ) is negative, by combining the above we conclude that 2 log log(
Proceeding as in the previous two propositions we obtain
Proof of Theorem 1. It follows from Theorem 7 that there are infinitely many fields which satisfy the conditions of at least one of Propositions 8, 9, or 10 and hence we obtain infinitely many satisfying the weakest conclusion. When considering Proposition 8 we note that Theorem 7 allows ǫ to be taken to be a function which is o(1) as d, and hence D L go to infinity, as such we obtain the bound agreeing with the bound from Proposition 8. The bound from Proposition 9 is strictly stronger. Table 1 illustrates the phenomenon by giving the ratio Ratio = p/ 3e γ 2π 2 log(|D L |) log(2 log log(|D L |)) log log(|D L |) 2 for an example of a the Hilbert class field of a quadratic imaginary field of each class number less than 100 with large discriminant. Note that in Table 1 we have K = √ −d and |D L | = d hK .
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